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Abstract 
In the class of all 5-regular multitriangular polyhedral graphs there exists a nonhamiltonian 
member with 1728 vertices, and moreover, this class has a shortness exponent smaller than one. 
1. Introduction 
Let v(G) and c(G) be the number of vertices of a graph G(V, E) and the number of 
vertices in a longest cycle of G, resp. A graph G(V, E) is called to be hamihonian if there 
is a cycle in G containing all vertices, i.e. v(G) = c(G). All graphs considered in this 
paper are polyhedral, i.e. they are planar and 3-connected. Let F(r;q~, q2 ..... q,) be 
the class of r-regular graphs having t types of faces, namely q~-gons, qz-gons ..... qt- 
gons. ~(G) denotes the number of i-gons of the graph G. 
The shortness exponent a(F) of a class F of graphs is defined by 
a(F )  := lim inf log c(G) 
~r logv(G)' 
for a class F of graphs [1]. 
Owens has shown that that F(5;3;q) has nonhamiltonian members for every 
q ~ 0(mod 3), q ~> 14, and moreover, these classes have a shortness exponent a(F(5; 3, q)) 
smaller than one, too [3]. 
In [2] it is proved that the subclass F' = F'(5; 3, q) c F(5; 3, q) of graphs having no 
two q-gons (q ~> 29) neighboured by an edge has a shortness exponent smaller than 
one, too. 
Owens raised the question: 
IS it true that the class F(5;ql,q2 ..... q, .... ) with ql = 0(mod 3), 
i = 1,2 .... contains only hamihonian members? 
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A graph Ge F(r; ql, q2 .... ) with qi =- 0(rood 3), i = 1, 2 .... ; r E {3,4, 5} is called to 
be muhitrianoonal. 
2. Results 
Theorem 1. There exists a 5-regular multitriangular o aph with 1728 vertices containin9 
no hamihonian cycle. 
Theorem 2. The class of multitrianoular 9raphs has a shortness exponent smaller than one. 
3. Constructions and proofs 
The following property is well known [5] and easy to check out. 
Property 1. Any path through T~ (see Fig. l(a)) connecting the two half-edges b
and c omits at least one black vertex. 
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Fig.  1. 
H. Walther / Discrete Mathematics 150 (1996) 387 392 389 
v(R1) ~ - 1  
R fa(R,) = 34 ~",,.\//// 
f6(R,)= 1 ,,x.v//~X 4 
1 ~ v(rt) = 4~ 
= f3(R) = 69 
/~2  / / ~ 3  ~fs(R)= 2 
,(R2) = 2 ~ i  
/3(R2) = 35 
f6(R2) = 
f -x  
Fig. 2. 
In Fig. l(b) we have two of the 15 vertices of T, replaced by a triangle and in the 
resulting raph T2 we have indicated a perfect matching M by double lines. 
Combining three copies of T, according to Fig. l(c) we obtain the graph T3 which is 
obviously nonhamiltonian. I  accordance with Fig. 2 the graph R arises by identifying 
the vertices X, and X2 of R, and R2, resp. (X = X, = X2). The numbers around 
R stand for the number of edges along the corresponding exterior faces. The number 
v(G) of vertices and the number f~(G) of i-gons of a graph G are listed in the 
corresponding fi ure. 
Now, we replace in T2 each edge of M by a copy of R according to Fig. 3. The 
resulting raph is denoted by A. 
The arising graph A of Fig. 3 has the 
Property 2. Any path P through A connecting b e {b,, b2) and c e {c,, c2} omits at 
least one copy ofRi ~ {R,, R2 } except X (that means, P omits at least 23 vertices of the 
subgraph A' c A (Fig. 3(b)) bounded by the three vertices D, E, F). 
Property 2 results from Property 1 concerning the graphs T, and /'2 (Fig. 1). 
Now, we combine three copies of A and three further copies of R in accordance with 
Fig. 4. The resulting raph T has the 
Property 3. (a) T contains 1728 vertices each of valency five. 
(b) T contains 2484 triangles, 72 6-gons, four 12-gons, seven 15-gons, 18 18-gons, 
three 21-gons, three 30-gons, and three 42-gons. 
(c) T contains no hamiltonian cycle, more precisely we have c(T) = 1705. 
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v(A) = 528 
f3(A) = 759 
f6(A) = 22 
f,~(A) = 2 
f,8(Al = 6 
f2,(A) = I 
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The first two statements are easy to check. 
Let K be a longest cycle of T. Because of the construction of T at least one of the 
three copies of A' is passed by K connecting E and F and so K avoids at least either 
one copy of R1, except X1 or a copy of R:, except X2 as proved above (Property 2). It 
is easy to find a cycle K of T omitting exactly 23 vertices. 
This completes the proof of Theorem 1. [] 
For proving Theorem 2 we need a lemma of Owens [3]. 
Lemma. Let G ~ F be a graph containing k >t 3 copies of the graph B (see Fig. 5) such 
that no cycle in G enters all of them, then 
log (k - 2) 
~(F)< 
log (k - 1) 
If we replace each edge of the perfect matching M of T3 by a copy of the graph S 
(see Fig. 6) instead of R in an analogous way we obtain a polyhedral graph T' with the 
following. 
Property 4. (i) Each vertex has the valency 5. 
(ii) T' is a multitriangular g aph. 
(iii) f/(T') = 0 for every i > 45. 
(iv) Any longest cycle K of T' avoids one of the 66 copies of B which we have 
marked in Fig. 6 by double edges. 
Organizing the replacement of the edges of M by copies of S more carefully and 
using Owens' lemma one can prove that the shortness exponent of the class of 5-valent 
multitriangular g aphs having no face bounded by more than 45 edges is not greater 
than log 25/1og 26. This completes the proof of Theorem 2. [] 
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Fig. 6. 
Meanwhile it has been proved [4] that the family F(5; 3, 3s), s/> 9 contains non- 
hamiltonian members and that its shortness exponent is smaller than one. 
References 
[I] B. Griinbaum and H. Walther, Shortness exponents of families of graphs, J. Combin. Theory, Ser. A I4 
(1973) 364-385. 
[2] J. Harant, P.J. Owens, M. Tk~i~ and H. Walther, 5-regular 3-polytopal graphs with edges of only two 
types and shortness exponents less than one, Discrete Math. 150 (this Vol.) (1996) 143-153. 
I-3] P.J. Owens, Regular planar graphs with faces of only two types and shortness parameters, J. Graph 
Theory 8 (1984) 253-275. 
[4] P.J. Owens and H. Walther, Hamiltonicity in multitriangular g aphs, Discussioues Mathematicae - -  
Graph Theory 15 (1995) 77-88. 
1-5] W.T. Tutte, On Hamiltonian circuits, J. London Math. Soc. 21 (1946) 98-101. 
